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We derive boundary conditions for the covariant open string corresponding to D-branes in an Hpp-wave by
requiring kappa-symmetry of its bulk action. Both half-supersymmetric and quarter-supersymmetric branes are
seen to arise in this way, and the analysis furthermore agrees fully with the existing probe brane and super-
gravity computations. We elaborate on the origin of dynamical and kinematical supersymmetries from the
covariant point of view. In particular we focus on the D-string which only preserves half of the dynamical
supersymmetries and none of the kinematical ones. We discuss its origin in AdS53S5 and its world-volume
spectrum.
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Several recent papers have investigated D-branes in an
Hpp-wave ~a homogeneous plane-wave solution of the type-
IIB supergravity solution with a constant five-form flux!. A
classification of their embeddings and supersymmetries has
been given by Skenderis and Taylor using a probe brane
approach @1#, while equivalent results have also been ob-
tained by Bain et al. by deriving supergravity solutions of
D-branes in Hpp-waves @2#. In the present paper we would
like to show that the analysis of boundary conditions for the
covariant open string leads to the same classification. Apart
from verifying the existing classification in an independent
way, this also sheds light on some recent questions concern-
ing the quantum analysis of these branes. In particular, we
clarify the origin of dynamical and kinematical supersymme-
tries from the covariant point of view.1 We restrict ourselves
throughout to so-called longitudinal branes, i.e. branes for
which the x1 and x2 directions are part of the world volume.
The Hpp-wave admits three classes of longitudinal
branes without world-volume fluxes. The first class consists
of half-Bogomol’nyi-Prasad-Sommerfield ~BPS! branes,
which have straight embeddings in Rosen coordinates ~they
‘‘follow geodesics of point particles’’! and have world-
volume dimensions p53,5,7. The spectrum of these branes
has been analyzed by Dabholkar and Parvizi @3# using the
quadratic Green-Schwarz action in the light-cone gauge as
derived by Metsaev @4#. The analysis of Bergman et al. @5#
has shown these boundary conditions to be consistent with
open-closed string duality. The second class of branes is ob-
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1Dynamical supersymmetries are those supersymmetries which
commute with the Hamiltonian, while kinematical supersymmetries
are those which do not.0556-2821/2003/67~6!/066001~11!/$20.00 67 0660tained by moving these branes away from the origin, or for-
mulated more precisely, by embedding them along straight
coordinate lines in the Brinkman coordinate system. This
breaks the dynamical supersymmetries, so that only the ki-
nematical supersymmetries remain. They have been argued
to be inconsistent with open-closed string duality @5#. We
will derive the corresponding open string boundary condi-
tions for these two classes of D-branes directly from kappa
symmetry requirements.
The third, and most interesting, class of branes consists of
a single one, namely a D-string which preserves half of the
dynamical and none of the kinematical supersymmetries.
While it is at present not known whether the presence of only
dynamical supersymmetries is enough for quantum consis-
tency ~the corresponding boundary state has not yet been
constructed!, there are several hints that suggest that this
object should be taken seriously. First, it has been found as a
fully localized solution in supergravity @2# ~in contrast, the
seemingly inconsistent branes mentioned in the previous
paragraph only exist as smeared supergravity solutions!. Sec-
ondly, we will show that the D-string can be traced back to
an unstable object in the AdS53S5 geometry, and argued to
become stable when the Penrose limit is taken. An important
consequence of the existence of the D-string is that by a
construction as in @5#, it would imply the existence of a con-
sistent D instanton in the Hpp-wave.2
We will start in the next section with a derivation of the
D-brane boundary conditions from open string kappa-
symmetry. After establishing which supersymmetries and
kappa-symmetries are preserved by the various branes listed
above in the covariant setup, we explicitly construct their
realization on the physical states in the light-cone gauge in
Sec. III. We show that there is a one-to-one relation between
the branes we find and those obtained with other techniques,
2We thank Matthias Gaberdiel and Michael Green for discussions
about this issue.©2003 The American Physical Society01-1
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can be seen in the light-cone gauge. The AdS origin of the D-
string and its spectrum ~in the Hpp-wave! is discussed in the
last section.
II. D-BRANE BOUNDARY CONDITIONS FROM
KAPPA-SYMMETRY
A. Generalities
The Green-Schwarz action is invariant under local
k-symmetry, which ensures that half of the fermionic de-
grees of freedom can be gauged to zero such that the result-
ing spectrum has the expected supersymmetry. For closed
strings, the constraint of k symmetry ensures that the back-
ground fields satisfy their equations of motion. For open
strings, k-symmetry transformations result in boundary
terms, which do not vanish without further constraints on the
world-volume fields at the boundary. For a Minkowski back-
ground, these boundary terms have been examined by Lam-
bert and West @6# and were shown to vanish when the stan-
dard boundary conditions for half-BPS branes are imposed ~a
similar type of analysis for membranes in eleven dimensions
has been given by Ezawa et al. @7# and de Wit et al. @8#!. In
the present section we will extend the analysis to cover open
Green-Schwarz strings in an Hpp-wave background.
Most of this calculation is rather technical, so we present
here only the variations of the action and the resulting
boundary conditions. At up to fourth order in the fermions,
these boundary terms arise from variation of Eqs. ~A8! and
~A9!, labeled as SWZ
1 and SWZ
2 respectively. Full details can
be found in the Appendix.
B. Branes ‘‘at the origin’’
Let us first discuss branes at the origin of the coordinate
system.3 The terms in the kappa variation of the action @see
Eq. ~A8! in the Appendix# that survive in the flat space limit




@ i~u¯ 1Grdku12u¯ 2Grdku2!dXmem
r
1~u¯ 1Grdku1u¯ 1G
rdu12u¯ 2Grdku2u¯ 2Grdu2!# .
~2.1!
Here we used kappa-symmetry to express the variations of
the bosons in terms of the variations of the fermions using
Eq. ~A11!. The terms above vanish by imposing the usual
half-BPS boundary conditions,
3Since the geometry is homogeneous, the coordinate origin is
equivalent to any other point in the space; branes sitting at the
origin can of course be located at any arbitrary other location, but
this is manifest only in Rosen coordinates. For simplicity we will
keep referring to these branes as ‘‘branes at the origin’’ when we
really mean ‘‘branes which are flat in Rosen coordinates.’’06600u15Pu2 , u¯ 15u¯ 2P~2 !(p21)(p22)/21p ~2.2!
with
P5G121(p21), P25~2 !(p21)(p22)/2. ~2.3!
Since the background five-form breaks the SO~8! symmetry
to SO(4)3SO(4), we will label these gluing matrices P by
two numbers n and m, denoting the number of gamma ma-
trices with indices in the first and second four transverse
coordinates. The operators P (n ,m) satisfy the relations
P (n ,m)I5IP (n ,m)~2 !n,
P (n ,m)Gr5H GrP (n ,m)~2 !p11 when rPD ,GrP (n ,m)~2 !p when rPN , ~2.4!
@where N5$1 ,2 ,1, . . . ,p21% and D5$p , . . . ,d22% and
the operator I is defined in Eq. ~A5!#. One can then derive
that
~u¯ 1Grdku1!5H 2~u¯ 2Grdku2! when rPD ,
1~u¯ 2Grdku2! when rPN .
~2.5!
These relations clearly make Eq. ~2.1! vanish.
The new terms with respect to flat space arise from the
five-form coupling in the Wess-Zumino term. We find that











2 mE]S@~u¯ 1Grdku1!~u¯ 2GrIG1Gsu1!
1~1↔2 !#dXnens .
Note that these terms do not cancel against each other using
only the half-BPS conditions ~2.2! and the flip formula ~2.5!.
Some of the terms that arise by varying SWZ
2 in Eq. ~A9! are
of a similar type, but they do not come with the right coef-
ficient to cancel against the variation of SWZ
1
. Therefore, we
need to cancel all of these contributions separately by impos-
ing appropriate additional boundary conditions. Besides the
relation ~2.5! we now also need the new flip relation1-2
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[rIG1Gs]u2!5H ~2 !(p21)(p22)/21n11~u¯ 2G [rIG1Gs]u1! when rPD ,sPN ,
~2 !(p21)(p22)/21n~u¯ 2G
[rIG1Gs]u1! when rPN ,sPN .
~2.7!The variations in Eq. ~2.6! are then seen to cancel ~separately
for each line! when
1
2 ~p21 !~p22 !1n5odd. ~2.8!
This condition also makes the boundary terms arising from
dkSWZ
2 vanish. We see that, unlike in Minkowski space,
kappa-symmetry is preserved in the Hpp-wave only for par-
ticular orientations of the D-branes in the wave ~given by n
and p5m1n11). Equation ~2.8! holds true for the (2,0),
(3,1) and (4,2) embeddings, which are the half-BPS branes
with p53, 5 and 7 respectively. These results are in agree-
ment with the analysis of probe branes @1# and the light-cone
open string analysis of @3#. In contrast, these boundary terms
do not vanish for the (0,0) embedding, which is the D-string.
For this (0,0) embedding, the first line in Eq. ~2.6! van-
ishes without further conditions because both r and s have to
be Neumann directions, i.e. either plus or minus directions.
However, canceling the second line leads to one of the con-
straints
G2u1,2u]S50 or G1u1,2u]S50. ~2.9!
The latter leads, as expected and as we will see below, to no
further problems when going to the light-cone gauge. The
former condition is a bit special, as it shows that the (0,0) D-
string can be described in an alternative way. This condition
seems to be sufficient to make all boundary terms at higher
orders in theta vanish as well ~see the Appendix!. It is, how-
ever, incompatible with the standard light-cone gauge.
With the above conditions, one can verify that the bound-
ary terms arising from SWZ
2 vanish as well; we will not dis-
cuss these in detail here.
C. Branes ‘‘outside the origin’’
Let us now discuss the spin-connection dependent terms
in the variation of the action. In contrast to the terms dis-
cussed above, these terms depend on the location of the end
point of the string in the target space. As we will see they
automatically vanish for all D-branes sitting at the origin of
the coordinate system. However, for branes outside the ori-
gin ~and with flat embedding in Brinkman coordinates!, their
cancellation leads to additional boundary conditions. We find
















For the first line, we only have to consider the case where the
m or n index on the gamma matrix in the second factor is not
1 or 2 ~a lower minus sign on the gamma matrix is ex-
cluded because v11i is the only nonvanishing component of
the spin connection, see Eq. ~A18!; a lower plus sign on the
gamma matrix would mean that both n and m are plus, and
antisymmetrization then sets everything to zero!. Using the














1s8u2!2~1↔2 !#dX1]s8S , ~2.11!
where prime on the index s indicates that it no longer takes
the values 1 or 2 . We now need the exchange property
~u¯ 1Gmn2u1!
5H 1~u¯ 2Gmn2u2! when ~m ,n !P~D ,D !or ~N ,N !,
2~u¯ 2Gmn2u2! when ~m ,n !P~N ,D !or ~D ,N !.
~2.12!
This can be used to show that the above boundary terms
~2.11! vanish only when the derivative on S is in a Neumann
direction. When the derivative is in the Dirichlet direction,
the above boundary terms are nonzero outside the origin. In
this case we need to impose
G1u1,2u]S50 ~2.13!
in order to make the boundary terms vanish. As in the pre-
vious section, these conditions also make the boundary terms
arising from SWZ
2 vanish. We will see the implications of
these conditions for the remaining supersymmetry on physi-
cal states in the next section.
III. KINEMATICAL AND DYNAMICAL
SUPERSYMMETRIES
A. Symmetries, constraints and gauge fixing
Having derived D-brane boundary conditions for the open
string variables, we now want to analyze their consequences
in terms of the remaining supersymmetries on physical
states. In order to make contact with results obtained using1-3
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derstand the relation between the supersymmetry parameters
appearing in the transformation rules of the closed string
action and those appearing in the supergravity transforma-
tions. After that, we need to investigate the open string and
determine which subset of these symmetries preserves the
boundary conditions. Finally, we fix the kappa gauge free-
dom and obtain the action of the global symmetries on the
physical states of the open string with D-brane boundary
conditions.
Let us start by discussing the global supersymmetry in-
variance of the covariant action, i.e. before fixing a
k-symmetry gauge ~see also @9#!. In general the action is by
construction invariant under the transformations4
du1,25e1,2 , dXm5iu¯ 1Gme11iu¯ 2Gme2 , e5e11ie2 ,
~3.1!
for an arbitrary ~not necessarily constant! target space spinor
e evaluated at the world volume, together with a transforma-
tion of all the background fields using the supergravity trans-
formation rules with parameter 2e . This is simply a reflec-
tion of the fact that superspace diffeomorphisms are
equivalent to component supersymmetry transformations,
and does not really constitute a non-trivial symmetry. From
this observation it follows, however, that for the special situ-
ation in which e is a Killing spinor ~evaluated at the world








by itself. This follows because the transformations of the
background fields become trivial in this case. In other words,
the action is invariant under global supersymmetries gener-
ated as shifts, with parameters which are identical to the
target-space Killing spinors. We will call these supersymme-
tries shift symmetries. We will in general suppress the label
‘‘Killing’’ on the associated e parameters. Note that the shift
parameter e has a fixed, but generically non-constant depen-
dence on the string world-sheet coordinates.
Not all of the shift symmetries survive in the open string,
as some of them may be incompatible with the boundary
conditions on the u1,2 fields. The remaining global supersym-
metries are easily seen when acting on physical fields ~i.e. in
the light-cone gauge, in which the kappa-symmetry is elimi-
nated!. Let us recall how to go to the semi-light-cone gauge
given by the condition G1u1,250.5 For this we need to be
4These transformation rules are only correct to lowest order in
theta. We are suppressing higher-order theta contributions here as
they later become irrelevant anyway when we go to the light-cone
gauge.
5It is rather simple to show, as we will do below, that this gauge is
compatible with the boundary conditions. Note, however, that the
D-string can be obtained with an alternative set of boundary condi-
tions, namely G2u1,2u]S50; see Eq. ~2.9!. These would pose prob-
lems for the standard semi-light-cone gauge.06600more specific about the form of kappa transformations.








. The two kappa parameters are self-








One then easily obtains the kappa-symmetry transformation










In the presence of a D-brane boundary condition
G1u1,2u]S50, ~3.6!
the story is slightly changed, as this constraint fully removes
kappa-symmetry at the boundary. However, even with this
‘‘reduced’’ kappa-symmetry ~with k→0u]S) we can still glo-
bally go to semi-light-cone gauge, since all fermions on the
world sheet are also constrained by Eq. ~3.6!. In contrast, the
light cone gauge cannot be reached for the first D-string con-
dition in Eq. ~2.9!, as it would lead to discontinuous fermi-
onic fields on the world volume.
Once in the G1u1,250 gauge, half of the shift supersym-
metries (G1G2e) are such that they keep the system in this
gauge. The other half of the shift symmetries (G2G1e)
moves the system out of the light-cone gauge. However, it is
always possible to perform a compensating kappa transfor-
mation, such that the gauge condition is restored. The re-
































where primes indicate summation over transverse directions
only.
All of these expressions are rather ugly unless a further
bosonic light-cone choice is made. When X15t the above
results simplify because Pt
17Ps
151. The remaining cova-
riant momenta P i
r8 also simplify to ] iXr8 in the Hpp-wave
background.1-4
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Let us now apply the general logic of the previous sub-
section to the D-brane boundary conditions found before.
The Killing spinors of the Hpp-wave were constructed by










3Xcos2S 12 mX1D 12sinS 12 mX1D
2
IJ
2isinS 12 mX1D cosS 12 mX1D ~I1J ! C~l1ih!. ~3.8!
The spinors l and h are constant. It is convenient to decom-







2G1l“l (1)1l (2), ~3.9!
and similarly for the h spinor. As the spinors have positive
chirality, one deduces
IJ~l (6)1ih (6)!56~l (6)1ih (6)!,06600I~l (6)1ih (6)!56J~l (6)1ih (6)!. ~3.10!
We then obtain a decomposition of the Killing spinor into
X1 dependent and X1 independent parts,
e5Fcos2S 12 mX1D2sin2S 12 mX1D
22isinS 12 mX1D cosS 12 mX1D IG~l (1)1ih (1)!
1F11 m2 S (m51,2,3,4 2 (m55,6,7,8 D iXmG1GmIG
3~l (2)1ih (2)!. ~3.11!
These two lines correspond to the ‘‘kinematical’’ and ‘‘dy-
namical’’ part of the Killing spinor. Note, however, that this




Using expression ~3.7! we can now immediately write
down the global supersymmetry invariances of the closed
Green-Schwarz action in the Hpp-wave:6d u15
1
2 G




























D XmG1GmIl (2)G . ~3.13!These are accompanied by a transformation of the transverse
bosons, which get a contribution both from the shift symme-
try as well as the compensating kappa transformation,
dXr852iu¯ 1Gr8l (2)12i u¯ 2Gr8h (2). ~3.14!Instead of relying on the covariant arguments given so far,
one can of course also verify directly that the action of a
closed string
6Similar global transformation rules were given for the d511
supermembrane by Sugiyama and Yoshida @11#; their derivation,
however, does not start from the covariant action.1-5
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1iu¯ 2G2]2u222imu¯ 1G2Pu2G ~3.15!
~with ]65]t6]s) is indeed invariant under the symmetries
given above.
As we discussed before, not all of these symmetries of the
closed string survive for an open string, as the boundary
conditions can be such that some of the global supersymme-
tries ~3.12! and ~3.13! do not survive. Let us, as an example,
discuss the D-string boundary conditions. By imposing
d u15G
12d u2 at the boundary, we find from Eqs. ~3.12!
and ~3.13! that
l5G12h , l (1)5h (1)50, ~3.16!
which together imply l (2)52h (2). When this relation
holds, one indeed verifies that the action ~3.15! for an open
string is invariant. This condition is precisely what has been
obtained from probe branes as well. In the next subsection
we will make this correspondence more precise for general
branes.
C. Comparison with probe brane and supergravity results
A nice consequence of the above analyzis is that it makes
it very simple to show that the global supersymmetries pre-
served by the open string with various D-brane boundary
conditions indeed match the probe brane results of Skenderis
and Taylor @1#. The condition for kappa-symmetry of the
probe brane embedding is written as
e5ge , with g5g12mn~* !(p11)/2~2i !, ~3.17!
where g is the kappa-symmetry projector and m and n sym-
bolically denote the number of indices in the first and second
four transverse directions. This condition can be rewritten as
e11ie25G12mne22~2 !(p11)/2ie1)e15G12mne2
~3.18!
@the real and imaginary part of the equation are equivalent
because of the relation (G12mn)25(2)(1/2)p(p11)21 which
for odd p equals 2(2)(p11)/2]. Requiring a match between
linearly independent terms of this equation is then identical
to the conditions obtained from d u15G12mnd u2, thereby
completing the proof of the equivalence between probe brane
and open string results.
A match is also found by comparing with the supergravity
solutions of Bain et al. @2#. Here the comparison is necessar-
ily less systematic, as the Killing spinors of the brane-in-
wave backgrounds are not simply obtained from the Killing
spinors of the Hpp-wave. The various branes have to be
addressed case-by-case. For, e.g., the D-string solution, we
see from Eq. ~3.18! of @2# that it requires g1g2eˆ 50, which
in our notation corresponds to Eq. ~3.16!.06600IV. THE ‘‘QUARTER BPS’’ D-STRING
A. AdS5ˆS5 origin
Boundary conditions for open strings which are consistent
at the tree level do not necessarily have to be consistent for
higher genus open string surfaces. This was demonstrated by
Bergman et al. @5# for Dp-branes with p.1 located outside
the origin of the Brinkman coordinates. Tree level boundary
conditions used at one-loop in the open string genus expan-
sion seem to be incompatible with the open-closed string
duality. Having established consistent tree level open string
boundary conditions for the quarter-supersymmetric D-
string, we therefore now have to investigate whether this
solution makes sense in the full theory.7
One way of attacking this question is to follow an analysis
similar to @5#. Another, less direct argument is to try to trace
back the D-string to the AdS and D3-brane geometries. One
expects that all branes which are consistent in the D3-brane
geometry should also be consistent in the AdS geometry, and
these should in turn lead to consistent D-branes in the
Hpp-wave. Hence, if one can prove that the particular D-
string in the D3-brane or AdS background which leads to the
D-string in the Hpp-wave geometry ~after the sequence of
near-horizon and Penrose limits! is consistent in the initial
space, then the D-string should also be a consistent solution
in the Hpp-wave.
Although the D-string in the AdS space cannot be quan-
tized and analyzed directly, the fact that there should be a
dual gauge description might be useful in proving its exis-
tence. Unfortunately the dual gauge description of the string
is at this moment not yet fully under control @12#. However,
we would like to mention several properties of this D-string.
It is obvious, from the way the Penrose limit is taken, that
the D-string which wraps the big circle of the S5 through
which the limiting null geodesic passes leads to the D-string
at the origin of the Hpp-wave space. This D-string is un-
stable against small perturbations, and will collapse to a
point ~i.e. a minimal S1 on S5) as we will now discuss.
Since the open string conformal field theory ~CFT! de-
scription of this D-string is lacking, we can use the effective
action approach to study its ~in!stability by looking at the
spectrum of small quadratic fluctuations around the static
position. Therefore, we start with the AdS53S5 space writ-




and consider the D-string wrapping the equator of S5.
7Calling the D-string ‘‘quarter-BPS’’ is perhaps not quite correct,
as BPS conditions can only be derived from supercharges that
square to the Hamiltonian. Since the kinematical supercharges do
not have this property, the BPS fraction strictly speaking only refers
to the number of unbroken dynamical supersymmetries. In this
sense the D-string could be called ‘‘half-BPS,’’ but to avoid confu-
sion we will keep referring to all branes by the total number of
unbroken supersymmetries.1-6
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coordinates set to zero, it is easy to see that this embedding is
a solution of the Dirac-Born-Infeld equations of motion
] i~A2det gˆ gˆ i j] iXngmn!2
1
2
A2det gˆ gˆ i j] iXn] jXr]mgnr50,
~4.2!
where gˆ is the induced metric on the D-string world sheet.
To investigate the issue of stability, it is enough to look at
the fluctuations in the angular direction u . We will also con-
sider the fluctuations in the AdS space direction r to show
that they do not contain unstable modes. We introduce arbi-
trary functions d u and dr of the world-volume coordinates
and expand the Dirac-Born-Infeld ~DBI! action to quadratic
order in these fluctuations
Squadr.;E d2s~2d r˙ 21dr821dr22d u˙ 21du822d u2!.
~4.3!
From this expression we conclude that the zero mode of du
is indeed tachyonic, signaling the instability of the solution
under small perturbations in this direction.
Actually, it is possible to describe in detail the behavior of
this perturbed D-string by searching for a time dependent
solution u(t) of the equations of motion ~4.2!. For m5c ,
this equation is satisfied as in the unperturbed case while for
m5t , it leads to
d
dt S cos uA12u˙ 2D 50 ~4.4!
and it is easy to check that Eq. ~4.2! for m5u is a conse-
quence of Eq. ~4.4!. Integrating one time Eq. ~4.4! gives the




where c is a constant which is determined in terms of the
initial position u0 and velocity v0[u˙ 0 : c5A12v02/cos u0.
Equation ~4.5! can be integrated by using a function known
as the incomplete elliptic integral in the mathematical litera-
ture and denoted F(xuc):
F~uuc !2F~u0uc !5t , ~4.6!
which defines implicitly the evolution of the D-string on the
5-sphere. When c51, which encompasses the case of the
static D-string sitting at the equator, we can give a more
explicit expression
u~ t !5arcsinS 2aet11a2e2tD with a[A12cos u011cos u0.
~4.7!06600From this relation, one can write down the induced metric on






and compute, as a function of its initial position, the time it
takes for the D-string to collapse to one of the poles of S5:
ts52log a5arctanh(cos u0). As expected, this time goes to
infinity when the D-string is initially infinitesimally close to
the equator (u0→0).
Let us now consider the Penrose limit of this shrinking D-










R for R→‘ .
~4.9!
Therefore, we observe that, in order to survive under the
Penrose limit, the D-string defined by Eq. ~4.7! must sit ini-
tially at an angle u0 such that a;1/R . In other words, it must
be at a distance u0 of order 1/R from the equator. This analy-
sis can be repeated in the general case cÞ1 and one can see
that the D-strings which survive must again be infinitesi-
mally close ~in initial position and velocity! to the static
configuration; in more quantitative words, one should also
have c21;1/R2. The Penrose limit of such D-strings cor-
respond to stable solutions of the DBI action in the plane
wave background. In particular, the tachyonic mode along
the direction u is washed out under this process. This can be
seen by evaluating the action on the Penrose limit of the
solution; in contrast to the action of the shrinking D-string in
the AdS background, the action is now constant. Hence,
through the Penrose limit, the unstable ~static or moving!
D-string on S5 gets mapped into a SUSY and hence stable
~static or moving! configuration in the Hpp-wave geometry.
Finally, let us conclude this section by observing that the
D-string in the AdS space which is wrapping the equator of
the 5-sphere originates from an unstable circular D-string in
the geometry of the D3-branes, which lies in the two-plane
that intersects the D3-brane over a point, times the time. This
is obvious from the isometries which are preserved by these
two configurations. Note, however, that while the circular
string in the D3-brane geometry is always a non-static con-
figuration, this is not true any longer in the near horizon
geometry, which admits a static configuration.
B. World-volume spectrum
In order to find the world-volume spectrum we have to
determine the mode expansion of the bosonic and fermionic
fields on the open string. The equations of motion obtained
from the light-cone action ~3.15! are1-7





The mode expansions for the closed string can be found in
@4# and these have been used to construct the mode expan-
sions subject to half-supersymmetric boundary conditions,
see @3#. For boundary conditions that remove all of the kine-
matical supersymmetries the story is slightly different, as we
will now show. We will for simplicity only consider strings
starting and ending on a D-string, i.e. with boundary condi-
tions
u15G12u2us50,p . ~4.11!
The t-independent parts of the fermionic mode expansion
















~where V5G12) we find that, for the D-string boundary
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where vn5sgn(n)Am21n2 and, for convenience, we have
introduced the factors cn51/A11(vn2n)2/m2. Note in par-





250 which eliminates the zero modes from the expan-
sions ~4.12! ~consistent with the fact that these D-branes do
not have any kinematical supersymmetries!. Finally, reality
of the coordinates implies that u2n52(un)†.










r e2ivntsin ns ~4.14!
for an open string stretched between two D-strings located at
the transverse positions x0 and x1.
Therefore, we see that the open strings attached to the D-
string do not have zero modes in the Dirichlet direction ~de-
fined, strictly speaking, as the s-independent part of their
Fourier expansion!. However, this property does not mean
that the D-string lacks the zero modes which allow it to
move in the transverse directions. The latter correspond to
the fields x0/1
r appearing in the expansion ~4.14!.
Using the standard Poisson or Dirac brackets between the
bosonic or fermionic coordinates, one can perform the ca-
nonical quantization of the open string ending on a D string;
for the quarter-BPS D-string, the commutation relations be-












where we have arbitrarily chosen the Fourier modes un
1 as the
independent fermionic variables. These commutation rela-
tions can in principle be used as a starting point to construct
the open string spectrum but we will refrain from addressing
that problem here.
V. DISCUSSION AND OPEN ISSUES
In the present article we have shown how to obtain
boundary conditions for the covariant open Green-Schwarz
string which correspond to D-branes in an Hpp-wave. We
have shown that this analysis reproduces all D-branes known
from previous probe brane and supergravity computations.
The advantage of our approach is that, since we start from a
covariant system, we are able to produce directly the global
supersymmetry invariances of the action after light-cone
gauge fixing.
We have also discussed the properties of the curious
quarter-supersymmetric D-string. This object preserves dy-
namical supersymmetries ~only! and may therefore be con-
sistent with open or closed string duality. It is interesting to
observe that similar states appear in other backgrounds as
well, for instance the Nappi-Witten background with two
planes, and it would be interesting to study their quantum
consistency as well. In view of the original motivation to
study Hpp-waves, it is also important to understand the cor-
responding states in the dual gauge theory. Progress on this
issue will be reported elsewhere.
As a side result, we have mentioned that there seem to be
two different ways to obtain the D-string from boundary con-
ditions on the open string @see Eq. ~2.9!#. It is at present not1-8
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the same physical object.
Finally, the present analysis and evidence in favor of the
presence of a D-string is likely to be an argument that sup-
ports the existence of a D instanton in the Hpp-wave back-
ground. The present literature on the gauge dual of D instan-
ton induced vertices in the Hpp-wave background is not
sufficient yet to rule out such an object, and further progress
along the lines of @5# would be welcome.
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APPENDIX
1. Details of the Green-Schwarz string in the Hpp-wave
This appendix contains the details of the covariant action
of the Green-Schwarz string in the Hpp-wave. This mostly
follows Metsaev @4# though or notation is slightly different.
From an analysis of the kappa-symmetry transformations in
superspace, one can see that the only boundary terms arise
from the variation of the Wess-Zumino part of the action ~see




dtE d2se i jEitr ~QTCGrE jt! ~A1!







M 2 DQ .
The matrix M 2 is given by
M 25S A B
2B* 2A*D , ~A3!


















i ju!a~uG1G i jI !b1$1,2,3,4%→$5,6,7,8%.
~A4!
The matrix I appearing above ~denoted P in @4#! and the
associated J are given by
I5G1234, J5G5678. ~A5!




S u11iu2u12iu2D , Q¯ 5 1A2 S u12iu2u11iu2D
T
C. ~A6!
Inserting these expressions, keeping all the terms which lead
to variations up to and including fourth order in Q and tak-
ing care of the t integral, one obtains




r~QTCGrM 2DjQ!G . ~A7!
Note that, due to the t integral which leads to a different
coefficient for every power of u , the first line above does not
factorize as Ei
r( . . . ). To this order in the fermions, one thus
finds two parts: one which is obtained from the flat-space
action by replacing the normal derivative with a covariant
derivative, and one which arises from a M 2 term in the
expansion of Ea. These are, in terms of u1,2 , given by re-
spectively
SWZ
1 5E d2s@2ie i je ir~u¯ 1GrDˆ ju12u¯ 2GrDˆ ju2!
1e i j~u¯ 1G
rDˆ iu1!~u¯ 2GrDˆ ju2!# , ~A8!
and1-9
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1
12E d2se i jF ~u¯ 1GrIG1Gsu21u¯ 2GrIG1Gsu1!~u¯ 1Gs] iu11u¯ 2Gs] iu2!
1~u¯ 1G
rG1mu12u¯ 2G







1GmnI] iu22u¯ 2G1GmnI] iu1!1$1,2,3,4%→$5,6,7,8%G] jXmemr . ~A9!
Here m ,n run over 1 . . . 4 only. We do not have to consider here the terms in Dˆ ju that are proportional to ] iXm, as these will







r IG1Gru2,1] iXm. ~A10!
There are additional four-Fermi terms in the action, but these will not contribute to the boundary terms of the kappa variation
at second and fourth order in the fermions.
The variation dkXm can be expressed in terms of dku1,2 through the defining relation in superspace,
dkXMEM
r 50)dkXm52iu¯ 1Gmdku12iu¯ 2Gmdku21O~u4!. ~A11!













¯ 2GmIG1Gnu1dkXnD2~u¯ 1Grdku1!~u¯ 2GrDˆ u2!1~u¯ 2Grdku2!~u¯ 1GrDˆ u1!G . ~A13!2. Kappa-symmetry boundary terms at higher orders in theta
With the boundary conditions ~2.2! for generic branes and
Eq. ~2.9! for the D-string, we have found that
~QTCGrDjQ!50 if rPN . ~A14!
This is very useful for higher order calculations: it means
that in the variation of the first term in Eq. ~A7! we do not
have to consider variation of the ei
r factor at all. However,
there are still other variations.
Just as in Eq. ~A9!, the higher order terms in M 2 will
reduce to products of u bilinears, each factor of which is a
sum or difference of two terms obtained by interchange of u1
and u2. We need an efficient way to figure out the relative
signs between these two terms. One finds the following gen-
eral expression:
8From Eq. ~A11! one can now show that the only boundary terms
come from the Wess-Zumino part of the action: in the kinetic terms,





there is therefore no need for partial integration, and no boundary









3@~uR1Du¯ !61~u¯R1Du!# . ~A15!
The Li and Ri are defined in Eq. ~A4!. The signs 6n are the
relative signs between the nth term in A and the nth term in
B, i.e. 6n5$1 ,2 ,2 ,2 ,2%. The expression ~A9! is a spe-
cial case of the general formula above.
Using these expressions, one can easily write down the
expression for the WZ part of the action, Eq. ~A1!. An ana-
lyzis of these seems to suggest that even at higher order in u ,
the resulting boundary terms in the variation under kappa-
symmetry all vanish when the D-brane boundary conditions
derived in the main text are satisfied. This is in particular true
for the D-string with either one of the boundary conditions in
Eq. ~2.9!.-10
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We follow the conventions of Metsaev @4#. The X6 coor-
dinates are defined as X65(X06X9)/A2. The metric for the
Hpp-wave is
ds252dX1dX22S~dX1!21~dXi!2. ~A16!








with h1251, from which one computes the only non-zero





. ~A18!066001For spinors u , which are positive chirality Majorana-Weyl,
we use a 32-component notation everywhere. The chirality
projector and Dirac bar are
G“G09, u¯5uTC, ~A19!
where C is the charge conjugation matrix satisfying C T5
2C and C 21(Gm)TC52Gm in ten dimensions. Our index
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